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> numerical solution of Volterra integral equations of the s

ility

7an der Houwen

\CT

The main purpose of this paper is to analyse the stability «
s for non-linear Volterra integral equations of the second ki

:ular, Runge-Kutta type methods are studied.
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s paper the stability behaviour is considered of linear multi-
and single-step methods of Runge-Kutta type when these methods
to Volterra integral equations of the second kind. In particu-
ge-Kutta methods the stability problem seems to be a hardly
area, presumably because Runge-Kutta methods are considered
ting formulas for multistep methods than as independent integ-
las. It turns out, however, that Runge-Kutta type methods allow
arge regions of stability and therefore may be advantageous in
the kernel function of the integral equation has a large Lip-
int. Hence, we concentrate our considerations on Runge-Kutta
hough we also give the corresponding theory for multistep
section 2 the general formulas are introduced and a modification
mulas is discussed, which can be characterized by the property
duce to the common linear multistep and Runge-Kutta methods for
ferential equations in those cases where the integral equation
t to an ordinary initial value problem. In section 3 the consis-
ions are derived and in section 4 a convergence theorem is
for the "usual" and modified form of the multistep and Runge-
s. It appears that the modified formulas generally have a lower
uracy, however, as will be shown in section 5, the stability
easier and, as we will report in a forthcoming report, the
gions seem to be larger. Numerical experiments will be published

future.
N OF A COMPUTATIONAL SCHEME

ra integral equations of the second kind may be written in

X
f(x) = F (%) + f K(x,£,£(8))dg,
X
n
Xn
() = g(x) + J K(x,&,f(£))dE.

%0




Jith respect to the point X s the first term Fn(x) may be interpreted as
‘he "past" and the second term as the "future" of the integral equation.
Then approximations fj to f(xj), j =0,1,...,n are obtained, we may ap-
)roximate Fn(x) for arbitrary x-values by applying some quadrature formula

mmd by replacing f(xj) by fj, i.e,

'2.2) Fn(X) = fn(X) = g(x) + ‘
]

Il ~18

w . K(x,x.,f.).
OnJ J° 3]

n order to derive a formula for the numerical approximation fn+1’ we

)

:onsider the following formula for f(xn+1

X+l
2-3) f(xn+]) = Fn(xn+l) + f K(Xn_'_]sg’f(g))dg-
%n

iy replacing Fn(xn+1) with some approximation Fn(xn+l) and the integral

'y a numerical quadrature formula, we obtain a formula of the type

2.3") £ = F (=) + o (R(x,6,E(2)),

~

here f represents some interpolating function through the values fj’

= n+l,n,e..;d>n denotes some approximation to the integral in formula

2.3). Two cases will be considered: firstly, the integral will be replaced
vy a formula using non-step points in a way as is done in Runge-Kutta for-
wlas for differential equations, and secondly, we replace the integral by
. linear multistep formula. Both approaches are well-known in the literature.
'he Runge-Kutta approach may be found in e.g. LAUDET and OULES [7], POUZET
101, DAY [2], BELTJUKOV [1] and DE HOOG and WEISS [3]. Multistep methods
rere considered by e.g. KOBAYASI [6], LINZ [8], NOBLE [9] and GAREY [4].

.1 SINGLE-STEP METHODS

Similar to Runge-Kutta methods for differential equations we may

efine the scheme

2.4) f(o) = f f(j)=‘§ (x +p.h )+ nh § A K(x +6.,h ,x +v.,h f(z))
’ n+l n’ n+tl nn "jn Dl il n j4n’n jL o’ n+l”?
£ o=@

0+l ot j=1,2,...,m.
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.11 theory derived for Runge-Kutta methods also applies to this special
:lass of integral equations (we will call these equations test equations).

.et us consider formula (2.2) more closely by writing it in the form

2.6) P& =F &) +ek-egkx)+
E n-1]
+ w_. RK(x,x.,£.) - X w__ .. K(x ,x.,f.).
j=0 M 1737 32 7l T RTIT]

lsing representation (2.3') this formula transform into

2.7) F(x) =f -0  (KxED) +gkx -gx)+
n
+ Z Cvgg KGoxo£0) = w0 RGep,xe,£0],

j
there the weights Wij are assumed to be zero when i < j.

Generally, (2.7) will not reduce to the equation fn(x) = fn when

ipplied to the test equation. However, when we define Fn(x) by the formula

n
2.2Y) ?n(x) = fn+ g(x) - g(xn)+ jZo an[K(x,xj,fj) - K(xn,xj,fj)],

.t is still a consistent approximation to Fn(x), while it reduces to

h(x) = fn for the class of test equations. Unfortunately, formula (2.2')
1ay reduce the order of accuracy by one as will be shown in section 4. In
‘he following we shall call a formula, in which Fn(x) is evaluated accor-
ling to (2.2') instead of using the direct quadrature formula (2.2), a

odified integration formula.
.2 MULTISTEP METHODS

We replace the integral in formula (2.3) by a linear k-step formula

;0 obtain

k
2.8) fn+] = Fn(xn+1 n EZO bnﬂ K(Xn+l’xn+l—£’fn+l-ﬂ)'




lhe parameters bnﬂ are determined by consistency and stability conditioms.
Let us apply this scheme to integral equations satisfying (2.5) and .

suppose that fn(x) is defined by (2.2'). We then have

k
4 ¥ =
2.87) fer =5 hn KZO e K(Xn+l-£’fn+1—£)

thich is identical to the well-known Adams fdrmula for ordinary differen-
‘ial equations. Thus, just as for Runge-Kutta formulas, we see that the
1odified forms reduce to formulas known for ordinary differential equations
then they are applied to the class of test equations.

It should be observed that the weigBts wij’ j=0,1,...,1i,
.=1,2,...,n used in the computation of Fn(xn+1) are not necessarily
related to the parameters bvﬂ’ £=0,1,...,k; v=1,2,...,n. Usually,

lowever, one has

2-9) hnbn,ﬂ B Wn+l,n+1-£ - Wn,n+l-ﬂ’
there AR is assumed to be zero. The numerical algorithm then simply
b
‘eads
n+l
2.10) 1 = 805 )+ j=0 Yo+l ] K(xn*'l’xj’fj)'

. CONSISTENCY CONDITIONS
.1 SINGLE STEP METHODS

Instead of appproximating the integral in (2.3) by a direct quadra-
ure rule based on non-step points (cf. DE HOOG and WEISS [3]), we try to
etermine the Runge-Kutta parameters in (2.4) along the same lines as is
one in ordinary differential equations, i.e. by deriving and solving the
onsistency conditions (cf. BELTJUKOV [1]). Scheme (2.4) will be called

onsistent of order p when

f - f(x

- p+l
n+1 n+1) B O(hn ) as hn >0,




vhere fn+1 is assumed to be the result of formula (2.4) when applied with

Ej = f(xj) and Fj(x) = Fj(x), j=20,1,...,n (in analogy to the terminology
in ordinary differential equations called "the localizing assumption").

Jonsistency conditions can be derived by expanding f and f(xn+1) in a

n+l
l[aylor series about the point X - For fn+1 we may write

(3.1) £ o = FpG#uh )+ h 210 ALe {:'K(Xn,xn,f(xn)) +
+9M%%§+%ﬁn%+<éﬁ‘f%»%%ﬁﬁﬁig%*
*ouaty (£58) - 1) kit + 1202 5 4
gty (£55) - £Gx)) 5%%% (e - f(xn))z izg +
* Onp Vel 5122 O(hi)]-

lere, all partial derivatives of K are evaluated at the point (xn> n,f(x ).

[n order to write fn+l in a power series of hn we have to expand fg&% in a

ower seriles of hn:

2.2

£ 2 E () b uph LG + okl FUGe) +

n+l

1]

oK oK
ihn x| vﬂihn 9L *

(288 - eep) Ewoady] -

n+l / ?f " |
=f(x ) +h [ F'(x ) + % A K-I +
| M2 n 120 2i 7|

2,2 _, v [ 9K 3K
+ hn Lzu/e Fn(xn) + izo le \eael % \)Ki —BE

m -

' 3K\ |
+ (u Fn(X)+kZO A K 5?/J+O(h)’




(0) _ -
0i n+l fn - f(xn))'

Substitution in (3.1) leads to the power series

there Ho and A are assumed to be zero (f

3.2)

Hh
]

m
n+l Fn(xn + umhn) * hn KZO Amﬂ R+

2 T [, 3K 3K . [ o v \315}
+hn ZOAM16M§+VME+\UZFH(XH)+izo}\£iK/3f+
3 T {12 ., o 3K 3K
*hy EZO At 1% Fn(xn) * iZO i \eﬂl dx Li 3g
m :
\ 3K\ 3K
2 ' m 2
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+40np 5t fpp (Mg Fax) + 1 2y K) Y
39X i=0
2 m 2
2 3K . \ 9K
*hvpe Tt v (e FaGy) t Z ‘i X) 3eet
o9& 1=0
m 2 .2
. : 2’k
+2(u£F(x)+i§0>\£ K) e +
2
+06 , Vv 9 K
ml ‘ml 3x3E
+ 0.
)n the other hand, it follows from (2.3) that
xn+]
f(x_ ) =F (x_ )+ [K(X x ,f(x )) + (g-x ) XK,
n+1 n n+l < L n’n’ n n’ J3&
n
2 42 2 2
3K 3K i 37K _ K
(X“Xn) 3% © (£(8) - f(Xn)) 38 * %(Q-Xn) ;g§'+ 1(x Xn) axz +
2 2 .2
; d K a K
+ (E-Xn)(f(E) - f(Xn)) SEof + 3(£(8) - f(xn)) ;;7 +
82K 32K 3
+ (x=x ) (£(8) - £(x))) 555F T (x=x ) (E-x_) 50E + 0(h_

]
)




xpansion of f£(&) about the point xn'and integration yields the series

3.3) f(x ) =F (Xn+1) + hn K +

n+1 n
2 [ 8K, 8K oy 3K ]
by 2ok tae T PO 5 |
2 2
1.3] 3K 3°K -~ 3°K
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2 .2 2 2 2
. 3°K 3°K . 3°K . 3°K ]
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ya m
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fA(xn) = Fn(xn) R

v = B! .
f (xn) Fn(xn) + .n,f(xn
" - " . _3_1_(_ .
f (xn) Fn(xa) + 5% + ’Xn)’
ive at the following con Icy con 1S ¢
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m .
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3.2 MULTISTEP METHODS

In case of (2.8) consistency conditions are most easily derived by

‘equiring that the sum in (2.8) is an exact approximation to the integral




11

for the functions K(xn+1,x,f(x)) = x"

, v =0,1,...,p~1. By assuming that
Ej = f(xj) and Fj(x) = Fj(x), j=0,1,...,n, we obtain the conditions for

>-th order consistency

K Xn+1
(3.10) hn X bnﬂ(xn+]—£ - Xn)r J (x—xn)r dx, r=0,1,...,p-1.

£=0 X

n
3y introducing the quantities
*n-2"%n
(3.11) q11£=—lr—, £=—1,...,k—1,
n

-he equations (3.10) can be compactly written in the form

k
' r -1 = -
(3.10") KEO by Ly 7> T = 0lheae,p-ls

These conditions are identical to those of the Adams-Moulton formulas for

>rdinary differential equations.
4. CONVERGENCE

Let us assume that the approximation Fn(x) satisfies the relation

X
n

D o* J K(x_,,,&,E(8))dg + E_(h),

X

(4.1) Fn(xn+1) = g(x

n+

0

max h, - 0. Secondly, we assume that our numerical

vhere En(h) -0 as h
. . J . . . . .
scheme is a consistent approximation to the integral equation, i.e. scheme

(2.3") satisfies the condition -

X
n+1

(4.2) o (R(x,E,£(8))) = J K(x_, »E,£())dE + T_(h)
n

X

vhere Tn(h) - 0 as h > 0. From (2.1) and (2.3') it follows that




*n+1
f : ~
+ J K(Xn_'_]:g,f(g))dg - @n(K(X,E,f(E))dE
xn
Xn
= J[ [K(xn+19€af(g)) - K(Xn_'_l,g,'f(g))]dg +
%o
%n+1
+ f K(Xn_'_lagsf(g)) - q)n(K(X3E’f(€))) +
X
n

+ 0 (R(x,E,£(8))) - o (K(x,£,E(£)))

+ En(h)'
X
n

L C SO R S =XJ [K(xn+l,£,f(£)) - K(xnﬂ,g,f(g))}dg +
0

+ o (K(x,6,£(8))) - o (R(x,E,£(E))) +
- (B _(h) + T_(h)).
ly, we assume that K and @n satisfy for n > k-1 the following cond

Xn
J K(x,£,$(8))dg + O(hqﬂ),
X0

n
Z Vi K(X,Xj,¢(xj?)

R(x,£,8) - K(x,6,D)] < 1 |£-F],

k
o, (R(x,,6)) - ¢ (K(x,£,£))| <L, h zzo ACHRIIO LS I

1
s used in the formula for @n. The resulting error formula becomes

L. and L2 are the Lipschitz constants and k is the number of fj-




n
n+l .Z

=0

~
I

Hh
|

+

o (R(x,E,£(8))) -0 (K(x,8,E(8))) -

q+1
E () +T_(0) + 0™,

In order to draw conclusions from this relation we need the follow

lemma:

LEMMA 4.1. Let € 41°0 = 0,1,2... satisfy the conditions
n
eyl L Llesl + 1, M50
j=0
then we have
le_ | < +1)™ M+L|e |).
n+l' ~ 0

PROOF. See Henrici [12, p. 312].

Let us now consider the case where Fn is approximated by formula
(2.2), that implies En(h) = 0(hq+1). Furthermore, let the scheme be p-th
order consistent, i.e. Tn(h) = O(hq+1). From (4.4) and (4.37) it then

follows that

(1 —L2h)|f(xn+1)-fn+]| <L j:z:o wnjlf(xj)-fj] +

" Lzhklgllf(xnﬂ_z)—fnﬂ_zl s o+ 0wt <

< (Lw+Ly)h Jélolf(xj) -—fjl + 0Py 4 oy, o= k-1,
where




>w app!

>tain

ning tt

inally

X
n+l
When

na 4.1 with

L w+L k-2

1772
1-L,h h, M =1L .Z

l£x.) - £.] + 0m®*!) + 0(n
j J J

0

n-k+1
(M*-Llf(xk_]) - f

) - | < (1+1) 1

1+1 fn+l k-1

> starting values have errors of order r = min(p.

D) - fjl = 0(h"), 3 =0,1,...,k1,
1 from (4.5)

) - £

T o™y + 0®™!y ash o0

Fl

>t fixed.

) 1s used we have

Xn

) = Fn(xn+l) - g(Xn+1) = J K(xn_,_lagsf(g))dg =
%0
n
- g(xn) - jZO an K(Xn’xj’fj) +

nj

Xn
) w_. K(Xn"'l’xj’fj) - J K(Xn_‘_l’g’f(g))dg
X

0
Xn
_f(xn) + J [K(Xn:g’f(g)) _K(xn_'_lsga%,(g))]dg +
%o

) wnj[K(xn+l,xj,fj) - K(xn,xj,fj)]
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jubstitution into (4.3) yields <

n
(4.8) E(x, ) = £ = £(x) - £ +X[ [R(x ,,,8,£(8)) -K(x_,&,£(E))]de
n 0
+ jZO wn}K(Xn’Xj’fj) = K(xn+lsxj:fj)] +

+ 0 (R(x,E,£(6))) = 0 (K(x,8,£(8))) - T_(h).

We now define the error function Cn(x,h) by
Xn
j K(x,&,£(&))dg
X

0
'ormula (4.8) may be written as

]
o~

q+l
wnj K(x,xj,f(xj))4-Cn(x,h)h .

j=0

f(x ) - £

n
f(xn)"'fn + z wnj[K(xn+],xj,f(xj) +

+
n+l 320

n+l

K(anxj:f(xj)) + K(anxj,fj) = K(xn+]’xj’fj)] +

+

o (R(x,E,£(8))) = o (R(x,£,£(5))) - T_(h) +

+

- q+l
[c_(x h) - C_(x_,h)Ia%"".

n+l’

n addition to (4.4) we now also have to require that

ICn(x h) - C (x_,h)| < Ljh,

n+1’ 3

.9)
IR (x,8,£) - K(x,8,T) + K(X,£,F) - K(X,£,£)| < L, |x-x||£-E|.

rom (4.8), (4.4) and (4.9) it then follows that for n = k-1

n
2
(1 —Lzh)lf(xn+1)—fn+]| < }f(xn)-fn] +L,h%w jzolf(xj)—fjl +
+L.h E | £ ) - £ |+ |T_ ()] + L,n3*?
2" L pei-p n+1-4 a(W ]+ Lt




we find the inequality

2L2 n
- < - —_— f(x.)-£.
lf(Xr1+l) fn+1l < lf(Xn) fnl +.1"L2hh j=n§-]—kI (XJ) J| ¥

q+2

ASIPE: ]Tn(h)[ +Lgh

+———h" )] |f(x,)-f.]| + —
I-L,h P i I - L,h
>le calculation yields

|£(x_ ) -£ |<(1—Lh)"II § [Lvmz % |f(x.)-£.] +

n+l n+l' = 2 1 j=k—l[ 4 i20 i i

+ |T.(h)| +L nd*2] 2kL,h § |f(x.)-—f.]1 <
] 37 ] 20 L Y Y

< (t-1.m) HraL wn? + 2kL.n] E]f( y-£.| +

< 2 1 n 4W 2 j=0 Xj j

+n [ max |T,(h)| + L3hq+2]}.

0<j<n

ng lemma 4.1 with

nL4wh2 + 2kL2h
1 - L2h

kiz | I m?XITj(h)l+ L3hq+2
L f(x.)-f.| + n —
520 h| h| 1 - Lzh

=
]

1

to inequality (4.5). Keeping the point x fixed, we have n = O(h )

n+l
.t

L =0, =00"") + 0a?!y + omP) ,

we have again assumed that the starting values satisfy (4.6). It is

sily seen that (4.5) leads to the result




(4.10) £x_ ) = £, = 0@") + 0a?)  asn - o.

n+l n+

5. STABILITY

Before studying the stability of scheme (2.4) and (2.8) we conside:
the stability of the integral equation itself. Consider the variational

aquation

(5.1) DEG) = | = E,£(8) A £(E)dE

M N

0

'rom this relation it follows that

x
n
A f(x_ ) = A f(x) + [ [é-IS (x E,£(8)) +
n+1 n < of n+l’7°
0

oK
- 5 (x,E,£(E))] A £(E)dE +

Xn+1
oK
+ [ 5F (Xn+1,€,f(i)) A f(g)de.
*a
et us define the quantity

Xp )

_ 9°K

A G(x_) —X[ 3of BpE @) & £(B)de

0

nd assume that BZK/axaf is a slowly varying function of x, and 9K/3f a

lowly varying function of £ and f. Then, we may write

~ 5K
A f(xn+]) = A f(xn) + hn A G(xn) + [5?~(xn,xn,f(xn)) +
Xn+1
BZK
h =oF (xn,xn,f(xn)) [ A £(g)de.
x
n x

2 n+1

D60, ) TGk * P (xn,xnf<xn>>xf A £(E)dE.

n




the abbreviations

- 9K
J(xn) = 37 (xn,xn,f(xn))
2 )
_ 3K
H(xn) ~ oxof (Xn’xn’f(xn))

pproximating the integral with the trapezeidal rule, we obta

1—%hn(J(xn) + hn H(xn)) 0 A f(x )

n+l

ne

-1
2hn H(xn) 1 A G(xn+1

)

1
1+2hn(J(xn) + hn H(xn)) hn A f(xn)
_ 3
= + O(hn)
1
2hn H(xn) 1 A G(xn)
:ting the O(hi) terms we may conclude that this error equatic

2 when its characteristic equation has its eigenvalues withi

1it circle. A simple calculation yields
[1-4h (3(x ) + b H(x ))Ic” - [2+}h> H(x )]z +
*“n n n n %%n n
+ 1+ %hn J(Xn) = 0.

easily verified (cf. the analyis of equation (5.22) in sect

this equation has its roots within or on the unit circle whe:

J(xn)
H(xn)

H(Xn) <0,

for h + 0 the stability conditions become

2
oK 9 K
of (Xn’xn’f(xn)) <0, 5§§?.(Xn’xn’f(xn)) < 0.

se of strict inequality we shall speak of strong stability.

2)




19

.1 STABILITY ANALYSIS OF SINGLE-STEP METHODS

Let us perturb the numerical values f., j = 0,1,...,n by perturbations

(€H) (Z)
+1
nd AFn(x), respectively. The perturhatlon of £

f. and denote the amount by which f and F (x) are perturbed by Af

n+1 is then approx1mately

etermined by the scheme

(0) -
n+1 - Afn’
(i) _ T (/a) L)
5.4) Af L1 = AF (= atHh) + R ZZO J“f(x +0.ph X PV oh DR apgt
_ (m)
Afn+1 - n+l’ j=1,2, o,

rovided that the perturbations Afj are sufficiently small. In most studies
f stability the considerations are restricted to the model equation (cf.

OBAYAST [6], LINZ [8] or NOBLE [9])

X
5.5) f(x) =1-a J f(g)deg,
0

hat it is assumed that the kernel function K(x,£,f) satisfies the conditions .

a = = e— = - =
= constant, x 3E o 0.

nstead of these rigorous restrictions to the class of integral equatioms
o be analyzed, we prefer to state in more details what restrictions are
eeded to give a stability analysis. When formula (2.2) is used for the
valuation of %n(x), we require the following properties of the kernel

unction K(x,£,f) (K is assumed to be sufficiently differentiable):

oK
-—'(X g,f) =3 (X’Xn’fn) for (,£) € Ue(xn’fn)

5.6)
82K 82K

_B—}Za_f- (X,Xj,fj) = Bxaf (x X ,f. )[ ] = O,i,..,,n for x € Ug(xn)




.U ( ) denotes a small neighbourhood of (°). When these conditions

atlsfled AF (x) is approximated by

~ 2 3K
AFn(x) = 'Z Whj 3 (x,xj,fj) Afj =
j=0
m 2
_ 3K K- ~
jZo an[af (x ,xJ f )+ (x- X ) S35F (x,xj,fj)] Afj =
= AFn(xn) + (x—xn) AGn,
n 2
_ 3K
AG_ = .Z ;i 3OF (x X5 f ) AfJ
j=0
iting
2
d K _
oxof (Xn’xn’fn) - Hn’
3K @), _
of (Xn+ej£hn’xn+vjﬂhn’fn+l) - Jn * ejﬂhan’
e (5.4) reduces to
(0)
n+1 Afn’
G+1) ~ = T 2 £)
) Afn+1 B Fn(xn) * ujhnAGn * KZO Ajﬂ[thn+ej£han] Afn+1’
~ , (m)
Afn+] = Afn+l’

» formulas suggest to express Af(J) in the form

D) Af(J) Q A + R, AF (x ) + S.h_ AG_,
j nn jn n

: QJ,R and SJ are polynomials or rational functions in the arguments

and h2H . By substltutlng (5.4") into (5.4') we find (z—thn,y = h§Hn>

m
EZO Aj£(2+9j,£y) Qp(2,¥),

]

Q0(23Y) =1, Qj(zs}’)

m
o zZo 2502405 g¥) Rp(2,9),

Ro(z,y) =0, Rj(z,y)




80(29Y)

: m
=0, 8;(z,y) = w4 +£Zo 252(2¥05 g7) Sp(2s

rom which the functions Qm,Rm and Sm, to be called stability

his paper, can be derived. Thus,

5.8) Af_,, = Q (h T ,h2H ) Af +R (h J ,hH )& (x )+ S
Note that Rm and Sm are identical when for all j, uj = 1.)
urthermore, from the relation
- - n+l
FnH(an) - Fn(xn) =8z ) - g(x ) + ) Vo,
j=0
- 'Z Vo K(xn,xj,f
j=0
e find, using conditions (5.6),
~ ~ o~ & K
AFn+1(Xn+1) = AFn(Xn) * jZO (wh+1j_wnj) af (xn’xj
n+1 2
* hn jZO n+lj Bigi (x ’XJ f )

(x SX f ) Af

Y+ 1n+l af +1°

r, when n is close to n,

5.9) AFn+1(x

N
|
>
(=
P
o]
p—
+
~1
~
b

n+1” ~ “"n‘"n Ee tTn+l]

+
* hn A Gn+1 Wn+1n+1Jn A fn+1’

- being the first weight in the row w . which differs £
n+ln n+lj

inally, we have from the definition of AGn the relation

n
5.10) AGn+1 = AGH T jzﬁ (wﬁ+1j - wnj) Hn Afj T Yhtin+l

WEBLIOTHEEK WATHI N ETIECH CLNTRLM
AMSTERUGAM

+
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Zons in

,hH_)h_AG. .
nn n n

l’xj’fj)+




ducing the vectors

> ~
= T
AV (Afn,Afn_l,...;Afn+l,Afﬁ,AFn(xn),AGn)

rive at the relation

1 0 0
0 I 0
0 01 0
A = . .. : Aw. = w - W
n . . . ? n+l j nj?
0 0 10 O ] ]
—Wn+l,n+1 Jn 0 ... 1 --hn
_wn+l,n+lHn o . 00 1
Q 0 ... 0 R h.S
m m N m
1 . 0
0 1
B = . . . . . .
n . .
0 0 0 0 0
Aw J Aw . Aw-J 1 0
nn n-1"n I
\Aw_H Aw H .o Aw=H O 1
nn n-1

essary condition to satisfy this inequality is the requirement that
. -1 cys . . .
igenvalues ¢ of An Bn are within or on the unit circle, i.e. the con-

ns that the roots of the characteristic equation

) det(Bn - gAn) =0




re within or on the unit circle. Note that the degree of this equa
an be kept low by choosing the weights wnj such that n is close to
n general, this implies uniform step sizes hn'

In order to illustrate the preceding results we derive the ch
ic equation for the cases where Fn(x) is estimated by the Trapezoi

nd Simpson's rule (+ 3/8-rule) using uniform integration steps.

rapezoidal rule + m-point Runge-Kutta

In this case we have (i = 1,2,...n+1 and j = 0,1,...,n+1)
1/2 1/2 0 ... 0
/2 1 1/2
1/2 1 1
(wij) =h . . . .
1/2 1 e 1 1/20
1/2 1 . 1 1 1/2/(n+1)*(n+2)

o that the Value of n in relations (5.9) and (5.10) equals n. Thus

5.11) becomes

1 0 0\ /f
-1 - =
thd 1 <h || AF L (x )
-1
thH 0 1/ \AG__,
Q R hS Af
m n m Jn
n n n
}hH 0 1 AG
n n

ielding the characteristic equation (z = th, y = thn)

i 3
5.15) g7 - [2+Qm(z,y) + %sz(z,y) + %Y(Rm(z,y) + Sm(z,y)]C2-+
+ [1+2Q _(z,y) - %yRm(z,y)JC +

- [Q (z,y) - 32R (z,y) - %ySm(z,y)] = 0.




. 2 . . .
In the particular case where lh Hnl 1s very small, this equation

be written as
5 (-0)[2’- [1+Q(2.0) + 2R (2,0)]¢ + Q_(2,0) - 2R (2,0)] = 0.

roots are within or on the unit circle when

IA

sz(z,O) 0,

1\

6) Qm(zso) -1,
Q_(2,0)

e inequalities determine the interval of stability -8 < z < 0 and the

jzR (2,0) < 1.
esponding stability condition (strict inequality corresponds to strong
ility)

7) h<-—5 J <0.

ication of these criteria to a number of Runge-Kutta methods may be

iin [117].
son's Rule + m-point Runge-Kutta
Leaving aside the starting procedure, Simpson's Rule provides the

1ts an when n is even and together with the 3/8-rule it provides

veights w_. when n is odd; thus
nj

1/3 4/3 1/3
3/8 9/8 9/8 3/8
13 4/3 2/3 4/3 173 Q
1/3 4/3 17/24 9/8 9/8 3/8
Do ) =h 1/3 4/3 2/3 4/3 2/3 4/3 1/3
1/3 4/3 2/3 4/3 17/24 9/8 9/8 3/8
1/3 4/3 i 4/3 2/3 4/3 1/3
1/3 4/3 . 4/3 17/24 9/8 9/8 3/8

1/3 4/3 e 4/3 2/3 4/3 2/3 4/3

1/3




ld values of n relation (5.11) becomes

1 0 0 0 O Afn+l
0o 1 0 0 O Afn
0 0 1 0 0 O Afn_l
1O 0 1 0 0 Afn—z =
—-§th 0 0 1~-h AFn+1(Xn+l)
1
—-§th 0 0 0 0 1 AGn+1
va 0 0 0 Rm hSm Afn
1 0 0 0 0o O Afn:l
0 1 0 0 0 O Afn_2
= 23O 1P 5l 1O 0 O ﬁfn~3
- == - 1 0 A F
220" 72020 T 25 ™ )
23 11 5 1
Z20H - —hJ —- - 0 1 A G
24 Hn 24th24th 24 hi n
has the characteristic equation
r 1
Q -t 0 0 Rm Sm
1 -z 0 0
b det 0 ! L 0 0 = 0,
0 0 1 -z 0 0
(23+8z)z -llz 5z -z 24(1-g) 24t
L(23+8C)Y -1ly 5y -y 0 24(1-¢)

we have again written z = th and y = thn. Putting y = 0 (small

2 . . . . .
i of |h Hnl) this equation reduces to a fifth degree polynomial giv

1) e- 14 (2,0) + 1 2R(z,00] £ (52 2R _(2,0) - Q (2,075 +

11 2 5 1
+ = sz(z,O)E - = sz(z,O)C * 57

24 7% 7 2Ry(z,0) = 0.

For even values of n we find in a similar way the fourth degree

mial
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(5.19b") c4- [1+Qm(Z,0) + g-sz(z,O)] c3— [%%-zkm(z,O) - Qm(z,O)jc2 +

5 1 _
+ EZ-sz(z,O)C EZ-sz(z,O) = 0.

Application of these equations to several Runge-Kutta formulas may be
found in RECKERS [11].

5.2 MULTISTEP METHODS

From (2.8) and (5.7) it follows that

k
- 9K ~
(5.20) Alowr = AFn(Xn+1) * hn ZZO bn,ﬂ of (Xn+l’xn+1~£’fn+1—ﬂ) Afn+]a6=
N k
¥AF (x)) +h AG +h KZO by pLItR B T AE L .

Together with the relations (5.9) and (5.10) this formula describes the
stability of the process. Let us assume that the number o occuring in (5.9)

and (5.10) satisfies the inequality
n > n-k+l
we then may introduce the vectors
-
AV = (Af ,Af
n n’" n-

~ T
proeesBEgs e LA AR (x),0G)

and obtain the relation (cf.(5.11))

> >
(5.21) ABV =BV,

where




nd whe
he cha
5.13))

he spe

I-h b
nn

N

W
n+l,n

W
n+l;n

b . J
n nl n

=J +hH
1 n nn

istic equati

et(Bn - ;An)

n (5.21) can

usual) form

n2Jn+l ’ hn,bn—ﬁ+1Jn+l
0 e 0
1 0
0 0 0
J one Aw_J 0.
n-1 n nn
H Aw_H 0.
n-1 n nn

relation (5.21) is again

mplified when the multis

. We then may write

nbnkJn
0

0

0 0

1

0 0

e form
thod i




BE_, ., T Af g Voel,5 ¥, 5 af (e %5040 A, +
* Yh+l,n+l 3f (X ’ n+1’fn+1) Afn+1 *
n+l 2
tho ] oW, Res (ko x,£,) BE;
n g5 n+13 9x9f ? i
n '
= Af + % b I AEL + W Ta8 ey TRAC
her with (5.10) we now have the error equation
. > _ >
) AnAVn+1 ann
AV = (AE_, Af Af ac )T
n n’ n-1°"""°?""n+l1-k’ n
~h
1= wn+1n+]Jn 0 n
0 1 0
A = . .
n ®
- 1
Wn+1n+1Hn 0
eee _J 0
1+Awn.]n Awn_lJn Awn n
1 0 .o 0 0
| 0 1 0 0
Bn= .
0 0 0 0
- 1
Awan Awn—lﬁn Awan

We shall illustrate these results by deriving the character

ions of the trapezoidal rule and of Simpson's (+3/8) rule.
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idal rule

.et the weights wij be given by (5.14) and let the parameters an
+ relation (2.9). According to (5.21") we have

-1 - 1
( $ha_ h) (Afn+1 ) _ 1+{h3_ o> AE )
-inH 1 AG hH 1 AG
n n n

n+1

Ll

; to the characteristic equation
1 1 2 1 1
g [(1=-3z=3y)C" - (zy+2)g + (1+3z)] = 0.
ts of this equation are within or on the unit circle when

2+z <1
2-z-y = °

| yt+é | < b-y
2-z=y ! 7 2-z-y °

re 5.1 the region of points (z,y) is shown which satisfy these

ities.

O T I T T T i e e S T

<
N

y = -2z

Fig.5.1 Stability region for the trapezoidal rule
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Simpson' rule

Let the weights Wij be given by (5.18) and the an by (2.9). For

odd values of n we obtain from (5.21"'") the relation

1
1- Eth 0 0 0 -h Afn+]
0 1 0 0 0 Af
n
0 0 1 0 M =
? 0 10 A,
- §-th 0 0 1 AGn+1
23 11 5 1
1+ —2—4—th - ﬁth ﬁth - —Z—Z;th 0 Afn
1 0 0 0 0 Af
n-1
= ! Afn-2 ?
0 i A,
23 11 5 1
7 hB_ oz prbE - phH 1/ a6

with the characteristic equation
(5.24a) 24;3(1—c)2 + (z-zc—yc)(1~5c+l1C2+23§3+8C4) = 0.
Similarly, we find for even values of n the equation

2
(5.24b) 2622 (1-0)% + (z-2z-yz) (1-52+21922+92%) = 0.

5.3 STABILITY ANALYSIS OF THE MODIFIED FORMULAS

In the preceding analysis it was assumed that Fn(x) is evaluated by
lormula (2.2). We now study the stability problem when formula (2.2') is
ised. Again assuming that the kernelfunction satisfies conditions (5.6),

7e now have for AFn(x) the relation




n
= Af + Y wh.[%%
j=0 ™

e
~
te
~
I

(X’xj’fj) -

113

Af + (x-x_) AG .
n n n

ethods

ution of (5,7') into (5.8) yields

_ 2 2
fn+1 B [Qm(thn’han) * Rm(thn’hn

H
n
2
+S (hJ ,h”H )h AG
m nn’nn n n

(5.10) we arrive at the relation

nAVn+l = BnAVn,
> T
Vn = (Af ,...,Afﬁ,AGn)
1 0
0 1
A =
n
0

—Wn+ 1,n+ ]Hn
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ad
Qm+R 0 oo 0 h S
m nm
1 0 .o
0 1 coe 0
B = o . . . .
n
0 0 oo 1 0 0
w H Aw H eos Aw- _H Aw_H 1
nn n-1"n n-1"n nn

»te that for vanishing Hn equation (5.26) does not depend on the quadrature
yrmula used in the evaluation of Fn(x). In fact, the error equation reduces
» that of the equivalent Runge-Kutta formula for ordinary differential
juations (cf. (2.4")).

We shall illustrate the application of this error equation by deriving
1e stability region of the formula defined by the matrix (5.14) (trapezoi-

11 rule). Since we then simply have n = n and Awn = h/2, we obtain
1.27) ( 1 0) (Afnﬂ ) ) <Qm+Rm hsm> (Afn)
-1 1
fhH_ 1 AG_, | $hH_ 1 a6
le characteristic equation is given by
t? - [1+Q (2,9 + R (2,5) + byS_(z,9)]z +
m 5 m Y 2ym Y

+Q (z,y) + R (z,y) - %ySm(z,y) =0.

the (z,y)-plane the stability region, i.e. the set of points (z,y) where

(z,y)| <1, is given by the inequalities

-1 =Q (z,y) + R (z,y) < 1 + }yS (z,y)
m m

ySm(z,y) <0
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tultistep methods
Substitution of (5.7') into (5.20) yields

5.29) Af

k
n+l Afn * hnAGn * hn KZO bn.K [Jn * han] Afn+l-£'

logether with (5.10) this yields the error equation (@ = n-k+1)

5.30) ANV . =BAV,
n n+l n n
there
> T
AVn = (Afn’Afn+1"'"Afﬁ""’Afn+1—k’AGn) )
1_hnbnOJn
0 1
0 0 1
A = ’
n
0 0 1 0
Wn+1n+1 n 0 0 1
ind
1+hnbn]Jn+1 hnanJn+l coe 'hnbnkJn+1
| 0 0
0 1 0
Bn= 9 ]
0 0 0 0 1 0O
Aw H Aw H ... Aw-H 0...0 O
nn n-1"n nn

'n+1 being again Jn + han. From this relation the characteristic equation

s easily derived.
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